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There is a well-known problem in approximation theory as to whether
or not every set in a Hilbert space that has the property that cach point in
the spacc has a unique nearest point in the set, is convex. This problem was
first mentioned in Kliee [1].

We shall construct a subset .S of the real inner product space £ of all real
sequences having at most a finite number of nonzero terms, with inner
product (x, y)=3,x,p,, where x=(x,,x,,..), y=(y,, y: ..), and
induced norm | x| =/(x, x), such that

(1) S is closed and nonconvex;
(2) each point in E has a unique nearest point in S;
(3) Sis not a sun; and

(4) the metric projection is continuous.

It is well known that if X is a finite dimensional Fuclidean space and S is
a subset of X such that each point in X has a unique nearest point in S,
then S i1s a closed and convex set (Bunt [2]). Morcover, if X is a real
Hilbert space and S is a boundedly compact subset of X having the unique
nearest point property mentioned above, then S is convex (Vlaslov [37]). It
should be noted that if S is a closed and convex set in a real Hilbert space,
then S is a sun, the metric projection is continuous, and S is approximately
compact. Indeced, cach two of the above three statements are equivalent in
a Hilbert space (Vlaslov [3]). There is a great deal of literature directly
related to this problem and that so few are listed here is not intended to
suggest that the other works are of any lesser significance or relevance.
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For each positive integer n let

E, ={xixeE x,<0and x;=0ifi>nj,

n

Er={x:xeFE x,>0and x,=0if i>n}

and E,=E UL}

We can clearly identify £, with Euclidean » dimensional space and shall,
on occasion, write a point x in E, as (x, x5, .., X, ).

We shall proceed in three parts: the first part shall indicate the construc-
tion and how it came about, the second will establish the statements made
in part one, and the third part will provide the computations needed in
part two.

1. THE CONSTRUCTION OF THE SET S

Let {¢,. ¢,...} be the standard orthonormal basis for E, ie., for each
positive integer #, ¢, is that sequence in E for which each term is zero
except the nth term, which is one.

Step 0. Let So={—¢,} and notice that each point in E;” has a unique
nearest point in the closed set S, (see Fig. 1).

Step 1. We now have the task of constructing a closed nonconvex set
S, such that §, < §,, and also that each point in £, has a unique nearest
point in S;. We know that S, cannot be a subset of E,, and hence shall
construct S, as a subset of £, (see Fig.2).

Let us now select 2¢, as a point that we shall include in S, so that each
point in E,, greater than or equal to one, has 2¢, as the unique nearest
point, leaving us with only the segment (0, 1) to contend with.

The problem now is to determine a subset S, of E, such that each point
in £, has a unique nearest point in .S, and such that S;< S,. To this end
we start with the point = Q and select a point P in the upper plane that is
directly above Q and closer to @ than cither —¢,; or 2¢, is to Q. We now
have a point labeled R that is equidistant from both P and — ¢,. This now
requires that we find a point that is in the upper plane that is closer to R
than either —¢, or P. This rather unorganized process now suggests what
is to be done (see Fig. 3).

e 2
o4
Arn

FIGURE 1
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—
4 ° 24
FIGURE 2

That is, we need to determine a function f; on the interval [—1,2]
whose graph is the desired set. We do this in the following manner (see
Fig. 4).

What we shall do is determine a function f;, defined on the number
interval [ — 1, 2], such that each point in [0, 1] has a unique nearest point
in f;. To do this, suppose that there is such a function f;. Let P = (x, fi(x))
be a point of /| and consider the line normal to f; at P, which then has
slope —1/f"(x) (assuming that f, is differentiable). The equation of the line
normal to f, at P is

y)y=(=1fcNlt—x1+ fi(x) for —wo<r<x
and this line intersects E, at the point Q = (¢,, 0), 1.c., when
Six) fix)=15—x.

Define g, by g(z)=%z+1) for —1<z<2 and note that g, is an
increasing homeomorphism from [ —1,2] onto [0, 1].
Let ro=g,(x)=4(x+ 1) and hence

H(x) filx)=3x +1) —x=3(1—2x),
from which it follows that
(fHx))"=2(1 —2x)/3,
or
S3(x)=2%[x — x*] + constant.
We require that f1(—1)=0, and thus

FAx)=32+x—x"] for —1<x<2

X 08 0 20,

FIGURE 3
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Pz ix, f‘ (x))

. N
v 4 hd T hd
(-1,0 (x,0) (0,0) (1,07 (2,0)
FIGURE 4
and
g(x)=4x+1) for —1<y<g2

One could notice that f| is an ellipse. That the graph of /| has the desired
properties will be demonstrated later. The choice of g, was made on the
basis of simplicity, but, as we shall see, it plays an important role in all that
follows.

Let us assume that f, has the desired properties, i.c., that each point in
E, has a unique nearest point in the set S, which is the graph of f,. By the
way f, was constructed, it follows that each point in the region bounded by
/1 and E| has a unique nearest point in S,. Since f, is an ellipse it follows
then that each point in £; has a unique nearest point in S,. Form the
mirror image of the set S, with respect to £, and designate this set as

Si={v, —filx) —2<x<g1).

The problem now is to find a set S, in £, such that each point in £, has
a unique nearest point in S,, and such that if a point Q in £, has unique
nearest point P in S, then P is in S, and 1s the unique nearest point in S,
to Q. To visualize the problem consider Figs. 5 and 6 and, in particular,
their grey regions.

What has been constructed so far is only the set S, and what is needed is
the entire closed curve in E,, the grey region Y,, and the surface S,. Thesec

FIGURE 5§
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FIGURE 6

three are closely intertwined in the following sense. We need the surface S,
to have the property that
(1) Each normal line intersects the plane only in the region Y,,

(2) no two normal lines intersect in the region contained by S, and
the region D in the plane, and

(3) there is a homeomorphism G, of the region D in the plane onto
the grey region Y,, such that if P is a point in the surface S, and x is the
point in the subset D in the plane directly below P, then G, maps x onto
the point of intersection of the grey region Y, and the line normal to S,
at P.

What we shall show is that the point P in S, is the unique nearest point
in S, to the point G,(x) in Y,, and also to each point in the line interval
[Gz(x)’ P]

To set matters on a firmer footing, what we need to determine is a
function F defined on the closure of a convex region D in the plane, where
S, forms part of the boundary of D, and from this function, a pair of
functions g,, and g,, each from the region D to the numbers which are
determined by the function F in the following manner:

x. ) N 10F? )
5 _\j’ ) ) = ——— (X, )
gi2l% V) =x+7== (x, )

1 ¢F?
g2.(x, })_}+§7}T(x’ »).

Let G, =(g,,, 82,), which then is a function from the region D into the
plane.

A point P in S, has coordinates (x, y, — F(x, y)) and the point of inter-
section of the line normal to S, at P and the plane, is the point G,(x, y) =

(g12(%, ), &22(x, ¥)).
The conditions that we need to impose on F are that
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(1) F? be differentiable (except at those points of F that are in the
plane),

(2) F(lx, —fi(x))=0for —1<x<2,

(3) the function G, be a homeomorphism of the entire region D in
the plane onto the grey region Y,, and

(4) Flx,alx) fi{x))=0 for —1<x<2 where a is the function on
[ —1, 2] that, when multiplied by f| determines the upper boundary of the
region in the plane.

Here is the last figure to assist in following the example, and in par-
ticular to see that the set S is not a sum (Fig. 7). Perhaps it is worth noting
that some of the ideas that led to this example are to be found in Johnson
[4]. A summary of much that has been done in the finite dimensional case
can be found in Kelly [5].

The above should be understood in order to follow in a geometric way,
the many computations that are to follow, as well as to gain a feeling for
what the set S that we shall construct “looks” like. If an understanding is
had at this point, then one should sense that the final set S, which contains
the set S,, is not a sun. It is interesting to note that if a Hilbert space con-
tains a nonconvex Chebyshev set, then it contains one whose complement
is bounded and convex (Asplund [6]).

We now begin. What occurs first are the technical statements that are to
be established and then, using these statements, the proofs of the assertions
made in the beginning paragraphs.

Let us define the following:

a0=2, A0:19
1;6 = 1, 1;0 = 19
d|'—‘{X11_F()<x1<a0F0}

D,= {X1¢1:X1€d1}7

=(R)

FIGURE 7
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hi(y)=x, for y=x,4,eD,,

Li(x}Y=ayF3+ (ag— 1) Fox, —x% x,ed,,
Fi(x)=2L(x\)/[ag+1]: x,€d,,

S ={x,¢,—F(x) $: x,€d,}
giilx)=x,+{(ap—1) Fo—2x)/las+1]: x,ed,,
Gi(»)=gilhi(y) ¢1: ye Dy,

Y, =image of D, under G,

I, =bounded region determined by S, and D,.

STATEMENT 1 (see Fig. 8). 1.1. D, is a bounded, closed and convex set.
1.2. D, CE,.

1.3. G, is a homeomorphism.

1.4. I, is convex.

1.5.  Each point Q in Y, has a unique nearest point P in S|, and each
point in S, is the unique nearest point in S, for some point in Y.

1.6. Each point in E; has a unique nearest point in S,.
1.7. S,<S,.

1.8. If Wisin E[ and P is the unique nearest point in S, to W, then P
isin Sy to W.

In what follows we shall use the following notation:

oF
D, F(x,,..,x,)==—(x,..,X,) 1<ign
Ox;
and
a*F
D/IF(YI’ ’rn)_ (xh s-xn) lgl’an
Ox; 0x,

FIGURE 8
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Step 2. We now have the task of constructing a closed and nonconvex
set S, such that §, < S,, and cach point in E, has a unique nedarest point
in S,.

Let A, be a positive number to be chosen later and

ax)=14+4,L(x,):x ed,
dy={(xy, ;) x€dy, —Fi(x))<xy<a Fi(x))),
D, ={Y1¢]+‘C2¢7 (x,, x,)ed,},
si(yy=xifor y=x,¢, +x28,€ D,
a{y)=xyfor p=x,¢, +x20,€ D5,
( ):(/z”( v), has(y)) ye Dy,
Ly(xy, xo)=a, Fi(x;) +(a,— 1) Fi(x)) X — 330 (x,, xa) € ds,
Fi(x, x2)=2Lo(x . o)/ [a(x )+ L] (v, xp) e dy,
=X 8+ X209, — Falxy, x2) @3 xlw\'z)edz}
g2.1(x 1, o) =x + [F(xy)+ x3)/(a(x, + 1)1 Dyax))

+ [2a(x )+ {a(x, )_1)’(2/F (xi)]
x[gix)—x Vadx)+ 1] (xy, x;)ed,,

gz.z(“lvxv):“*[( — 1) F(x))=2x,]/[a(x )+ 1] (x), x;)ed,,
Giy(y)= ((10) @+ ga2(ha(y)) @i foreach y = x ¢, + X, ¢,€ D,,
Y3=1mage of D, under G,,

ME/)

I, =bounded region determined by S, and D,,
JG.=|D, g, I, and

T2(131’1227x1"\2 Z i, 2 Yl"\")
2 Y hhD, Fyx,, x3): (x,, x,) €d,.
Notice that
gaalxy, X)) =x, + D, Fi(x;, x,)/2
and

g220X1, X2) = x4 Dy F3(xy, x,)/2.

STATEMENT 2. There is a positive number A¥ such that if Af>A,>0,
then
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2.1. D, is a bounded, closed, and convex set;
22. D,cSE;;

23. G, is a homeomorphism;

24. I, is convex;

2.5. each point Q in Y, has a unigue nearest point P in S,, and each
point in S, Is the unique nearest point in S, for some point in Y5,

2.6. each point in E; has a unique nearest point in Ss;
27 85,8,

28. if Wisin E; and P is the unique nearest point in S, to W, then
P is in S| and is the unique nearest point in S, to W,

29, Fx..x3) Tolhy, by, xp, x3)
< - [X Algaix, x)— X ]]’
—[F(xy, x,) 37132 A2 (x,, x,)edy; and
2100 JG,=[T1'_, L] J>, where J, is positive on D,.

Let us now suppose that we have proceeded for n steps.

Step n+1. Let A, be a positive number and

a(xy, X)) =1+ A, L(x, .. X)) (X, X,)Ed,,
dn+ 1= {(xh Mt anr 1 ): (xl’ sl xn) € dn’

A‘Fn(xls‘ Y )<rn+l\anFn(Yl"“’_xn)}’
n+ 1
Dn+1:{ z X,-¢,: (xla'~'7xrz+l)6drz+l}'

For 1 <ig<n+1,

Ry dy)=xiyeD, .
By (3)=(hy 1) s By (D)) yeDy Ly,
L, (xs.X,,1)
=a, F2(xyy 0 X)) H (@, — 1) F (X1, 0y X,) X0 404
— X2, (X e X, )€,
F2 (X1, 0n X, 1)

= 2Ln+ l(xl» Tty xn+ 1)/[(1,,(3(1, ey xn)+ 1] (xls s X g l)ednJr 1>

n+t
Sn+l:{ Z xi¢i—Fn+ 1()('1,..., xn+1)¢n+2: (xl’ ey xn+l)6dn+1}a

i=1
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for 1<i<n,

Cnr1(X1s s X 1)
=X, 4 [(Fx), 0 X0) + X1 )@(x1, s x,) + 1)1 Dya,(xy, oy X,)
+2a,(x;, oy X))+ (au(X1s oy X)) — 1) X, o /F (X5 o X,)]
x[g,dxi,nx,)—x0/ladx, . x,)+ 1] (xp, s X, 1) €D, 415

gn+1.n+l(xl’ o Xn+1)
= Xn + 1 + [(an"_ 1)P‘n()‘:l >ty Xn) - 2xn+ 1]/[‘1)1()(19 b xu) + 1]

(Xl? xn+l)6dn+1’

n+ 1

Gn+ 1(}’)= Z gn+ l,i(thr 1(}')) ¢i: yEDMJr 1

i=1
Y, ,=imageof D,  under G, .

I, , = bounded region determined by S,,, and D, , |,

‘]Gn+l = ’ng71+].]|1

Tn+l(hlv R/ hn+ 1 Xps e Xy I)

= Z };%DiﬂiFn+l(x1"~'a Xn+])

Lj

+2 z ill}’:l/D 'anl(xlv'“’xn+l): (X],..., xn+l)6dn+1'

STATEMENT n+ 1. There is a positive number AY >0 such thar if
A¥>A,>0, then

n+1.1. D, is bounded, closed, and convex set;
n+12 D11+1§En+l;
n+13. G,,, is a homeomorphism;

n+ 1.4. each point Q in Y, , | has a unique nearest point P in S, ,,
and each point in S,,, | is the unique nearest point in S, , | for some point in
Y,
n+ 1.5 1, is convex;
n+ 1.6, each point in E
n+17. S,&85,.:;

n+ 1.8, if Wisin E; and P is the unique nearest point in S, . | to W,
then P is in S, and is the unique nearest point in S, to W,

42 has a unique nearest point in S, |;
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n+19. F L (xy, e X i) Tuslhy, s by X0, X000 1)

n+1 2
< _< Z Al g Xy s xn+l)_xi]>

i=1
.
S L ARTETRE A Kl I W
(X1, 0 X, )€, . ;and

n+1.10. JG,, . =U01/-, L)) J, .., where J, | is positive on D, _ .

i=1 i

Let us sum up what we have thus far. If 4,, 4,, ... is a positive number
sequence such that statement #» is true for every positive integer », then S =
U>* S, is a nonconvex subset of E. Moreover, if W is a point in E, then
there is a positive integer # such that Wis in £, and a unique nearest point
P in S, to W. This point P is then the unique nearest point in § to W
moreover, if W is not in S, then W cannot be a limit point of S and hence
S 1s closed.

To show that the metric projection P is continuous, consider a point y in
Y and a point sequence {y;}, in ¥ which converges to y. Associated with
each y, is the point P(y;) in S, and associated with y is the point P(y).
Notice that if z is in Y and P(z) is in E,, then G, (P(z)) =z for each
positive integer k.

For x=(x,, x,, .., x,,) and k a positive integer define

[x]* = (X1, Xa, ey Xg) if k<n
(X 15 Xy ey Xppy ooy Xge) if k>=nwhereeachofx,, ..., x,is0.

Notice that if y=(y,4, .., ¥,0) and k is a nonnegative integer, then
{[»,]"**}, converges to y, and since G, , ., is a homeomorphism the
point sequence {P[y;]" "%}, converges to P(y). Moreover, for each i, the
point sequence {P[y;]"**}, converges to P(y;). Thus we have that
{P(y,)}; converges coordinatewise to P(y).

It is clear that

im [y, =Pyl =1y — Pyl

= ¢

and since lim, , _ y,= y it follows that lim,_ _ [y —P(y )l =1y—P(¥).

Recall that {P(y,)}, converges coordinatewise to P(y) which, when
coupled with the above, implies that { P(y;)}, converges to P(y). Thus P is
continuous on Y.

If x is a point in D=) D,, then x is in a unique interval [y, P(y)],
where y is in Y and P(y) is the unique nearest point in S to y. Recall that
P(x)= P(y) and, since P is continuous at y, it follows that P is continuous
at x.
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To show that S is not a sun consider Fig. 7 and in particular the point
indicated by Q. Notice that each point that is past Q in the order from
P(Q) to Q, in the half ray starting from P(Q) and containing the point O,
does not have P(Q) as a unique nearest point in S. Hence S is not a sun.

If one recalls the result of Asplund about complements, and considers
the set S"'=1) /; and the closure S” of §’, then one can see a closed convex
set whose boundary is S, thus the complement of 8" is a closed nonconvex
set having the property that each point in E has a unique nearest point in it
and whose complement is convex. By a careful selection of the {4},
sequence, it is possible to show that S* is bounded. If we are allowed to
digress further, then we may also notice the possibility of having many
pairwise disjoint copies of S’ dispersed throughout the space, and then for-
ming the complement to have a rather spongy set with the property that
each point in the space has a unique nearest point in the sponge.

2. PROOFS OF STATEMENTS

Statement 1. Substatements 1.1 and 1.2 are obviously true.

Substatement 1.3. For —1<x, <2, g, ,(x;)=(1+x,)/3 and hence g, ,
is a homeomorphism of [ —1, 2] onto [0, 1] from which it follows that G,
is a homeomorphism of D, onto Y,.

Substatement 1.4. It is sufficient to observe that D, F(x,)<0 for
— 1 <x <2 and thus F, is concave from which it follows that [, is convex.

Substatement 1.5. For each point @ in Y, there is a unique point M in
D, such that G,(M)=Q0=1:z,¢,. Let h{M)=x,, P=x,4,— F\(x,) ¢,, and
P =xi¢,— F,(x}]) ¢,, where x| is a number in d, distinct from x,.

We shall show that

1P=Ql <P =0l
A straightforward calculation shows that
1P = Q) = IP— QP = (x} —z,)* + Fi(x}) — (x, —2,)° = F(x,).
There is a number ¢ in d, such that
Fi(x\)=Fi(x;) + D Fi(x)(x) —x) + Dy Fi(e)(x) — x)%/2.

Combining this with D, F?(x,)=2(1 —2x,)/3 and D, F3}(c)= —% we have
that

1P = QI ~ 1P — Q> = (x} — 2,)* + 21 — 2, J(x) — x,)/3

5

—2(x) = x, 3 (x, — ;)%
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Recall that z, = g, ,(x;) = (1 + x,)/3 and observe that
(¥ —2,)" = () = x) 7+ 200 = x ) 0xy —2) + (x, —2,)%,
from which it follows that
1P = QI — 1P — Q11> = (x{ — x,)%/3

and hence |P'—Q|*> |P— Q]|

Substatement 1.6. If Wisin E; and W is notin /,, then W has a uni-
que nearest point in S,. If W is in 7,, then there is a point Q in Y, and a
point P in S, such that P is the unique nearest pointin S, to Q and W is in
the interval [Q, P]. Let C be the ball centered at W with radius | P — W|.
If C contains a point of S, distinct from P, then such a point would be
closer to Q than P is to Q which is a contradiction. Hence P is the unique
nearest point in S, to W.

Substatements 1.7 and 1.8 are obviously true.

Statement 2. Substatement 2.1. Clearly D, is closed and bounded
and d, ={(x,,x,): x,ed,, —F(x;)<x,<0} is closed and convex
since [, is convex; let df ={(x;,x,) x,ed,, 0<x,<a F/(x,)}. A
straightforward calculation shows that

D1,1(11F1(~\'1): [*]//F?][l +A1F’?(4L1 —9/2)1(x)) for —Fy<x,<aykF,

and hence there is a number A4}>0 such that if 4> 4,>0, then
D, a, Fi{x))<0 for —F,<x,<ayF,, from which it follows that d; is
convex. Also dy=d; udy, df nd; ={(x,,0):x,ed,}, the projection of
d3 onto d, is the projection of d; onto d, is d;, and thus 4, is closed and
convex from which it follows that D, is a convex, closed, and bounded set.

Substatement 2.2 is clearly true.

Substatement 2.3. We shall employ Lemma A which is found in
Section 3. Let us first show that G, is reversible, ie., invertible, on the
boundary of D,.

If v;= —F,(x,) for x, in d,, then

gaa(xy, —Fi(x))=g.(x)
and
g2,2(xla —Fi(x,))=0.

Therefore if x,= —F,(x;), G, =G, and hence is reversible. If x, =a, F,(x,)
for x, in d,, then

gz‘l(xl’ a Fi(x))=x,+(1—2x,)3a(x,)—2)/3
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and

goolxy, a Fi(x))=A4,L\(x,) Fi(x;).

Moreover,

ghi{xy, a Fi(x)= 173+ A4,((1 “2x1)2’2L1(X1))

and hence there is a number 4 > 0 such that if 4] > 4, >0 then

199 < ghi(xy,a, Fi(x)))<1/2 for x,ind,.

Notice also that g,,(x,, @, F,(x,)) =0 for any 4, >0 and finally that

g (=1, a,F(—1))=0

and

g2, a F\(2))=1.

Thus we have that there is a number 4{ >0 such that if 47> A4,>0,
then G, restricted to the boundary of D, is invertible.

Let us now show that G, has a local inverse at each interior point of D,
(considered as a subset of a two-dimensional space).

Since D, g,,=D,g,, it follows that JG,, the Jacobian of G,, is
D, g>1 D5 85>~ (D,g5,)" In Section 3 we shall show that there is a num-
ber A >0 such that if 4 > 4, >0, then |JG,| >0 on the interior of D, and
hence G, has a local inverse at each interior point of D,.

Thus the hypothesis of Lemma A is satisfied and hence G, is a
homeomorphism of D, onto Y,.

Substatement 2.4. To show that the region bounded by S, and D, is
convex it is sufficient to show that F, is concave, ic.,

2F(xy, X)) 2 Folx 4+ hy, xa 4+ hy) + Fo(x, —hy . xs— hy).

Let x= (x,, x,) and Ijz (h,, h,). There are points ¢ and ¢’ between x and
x+h and x and x — A, respectively, such that

h2D, Fy(c)/2

J\_Mw
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and
2 2 R
Z Ax)+ Y, 2D, Fy(c))2

i=1

Fy(x—h)=Fy(x)—

k‘)
\.;

2
+Lh
Using the above we have that

2[Fy(x+h)+ Fy(x —h)—2F,(x)]= i h2D, . F,(c)

Let
2 . 2 . n
Z h?D,; c)+2 Z hih;D; ;Fy(c)

for ¢ in the interior of d, and A such that ¢ + A is in the interior of d,
If we can show that T,(#A, ¢) <0, then the result is established. For 1 <,

J<2,
Fz = (Di,‘;F%)/ZFz_ (DiF%)(D F%)/“'F%

D;;
Using this we then have that
2 -~
Ty(h, ¢) Fi(c (Z h;D c)/2>
Z . u
c) < N hID, F3(c)2+2 Y hhD,, ,(c)/2>
i=1

i<j

Let

=
}-)
5‘3
PN
[
—
T~

2
u@d=2%&ﬁwm+

i

/\
.

1

040:51,4-2
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and recall that for 1 <4, j<2,
Dl];% /2 th ) 1'7

i

and if j # i,

Thus

and
2 2
Ta(h, ¢) Fi(e) = Fi(e) t:(h, c>~(_z hilgac) c»,]) .

Hence if we can show that 1,(A, c) §0 we will have that T,(A, ¢) <0.
From Lemma I we have that 1,(h, ¢) < —3(h? + h2) and hence

2 2
F3(c) Tah, ¢)< —(_Z fzf[gz,f(c)—c,»l)

= [F(e)3] Z

from which it follows that T,(%, ¢) <O0.
Substatement 2.5. If Q is in Y,, then there is a unique point y in D,
such that G,(y)=0Q and if A,(y)=(x,, x,), then

O=g,(x1, X)) @)+ g22(xy, X,) @s.
Let
P=x,0,+x,0,— Fy(x,, x;) ¢,

and P'=x)¢,+x5¢,— F,(x}, x3) ¢, where (x}, x5) is in 4, and distinct
from (x,, x,). We shall show that

P01 <P —Q)*
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which rewritten is
x3)? + F3(x), x5)

+(g220xy, x3) —
xz)z“F%(xn Xy).

0<(galxy, Xx,)—x})?
- (gz,z(xl, X5)—

—(gz.l(xl»xz)“xl)z

Note that for 1 <i<2,
(x;— gZ,i(-xl’ xz))z =(x; ‘X,)z +2(x] —x,)(x,— gz,i(xls X,))

+(x;— g2.4x,, Xz))z

and
gaAxy, X3) — X, =D, F? $(xy, x,)/2.

Using the above we then have that

(X; _xl)z

H'MN

IP'—QI* = | P— Q| = F3(x, x;)+

fF(xl,x))—Z(r D) D F3(x,, x,).

i=1
There is a number ¢ in (0, 1) such that
F:f(x/h x’2)=F22(x,, x,)+ Z (x;—x,) Dinz(xn X,)

i=1

(x;— xi)z D“Fzz(c)/2

+

(x;— x.‘)(x; - x]) Di,szz(C)a

—+

AP 1 e

where ¢=(x, + t(x] —x,), x>+ t(x5—Xx,)) and notice that ¢ is interior

i

to d,. A
Let h,=x)—x; for i=1, 2, then we have
2 . 2 .
P=QI*—P—-Ql*= Z hD,F3(c)2+ Y, hihyD, ;Fi(c)+ Y, h;
i=1 i< j i=1
2 ~
+ Y h?
i=1

However from Lemma J we have that

2
hoe)+ Y R = (DA + A4, Li(c) B3]
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from which it follows that

IP'=Q)*> P Q™

Substatement 2.6. If W is in £; and W is not in /,, then W has a
unique nearest point in S,. If Wis in /,, then there is a point Q in Y, and
a point P in S, such that W is in the interval [Q, P] and P is the unique
nearest point in S, to Q. Let C be the ball centered at W with radius
W — Pj|. If C contains a point of S, distinct from P, then P is not the
unique nearest point in S, to @ which is a contradiction, hence P is the
unique nearest point in S, to W.

Substatement 2.7 is clearly true.

Substatement 2.8. If Wis in E, and P is the unique nearest point in S,
to W, then P is in E, because /, is convex. Hence P is in the boundary of
D, and hence in S, because [, is convex and D, is convex. Therefore the
unique nearest point to Win S, is in S, and is the unique nearest point in
S, to W.

Substatement 2.9 is contained in the argument given for sub-
statement 2.4.

Substatement 2.10. Recall that

JG,=D,g,,D,8,,— (D, 82,2)2'

From Lemma G, JG,=L,L,[(1,2,1) and there is a number 4, >0 such
that if 4,> A,>0, then /(1,2,1) is positive on d,. If J,=I(1, 2, 1), then
JG,(x)= L (x)J,(x) and J,(x}>0 for x in D,.

Suppose that we have determined positive numbers A4¥, A¥, .., A¥_,
such that if 4*>A4,>0 for i=1,2,..,n—1 then statements 1 through »
are correct.

Statement n+ 1. Substatement n+ 1.1. The set D, is clearly closed
and bounded. The set

d; = 1(xy, e X, ) (X e x,)€d,, —F(x, . x,)<x,,, <0}
is closed and convex. Hence consider the set

dio i ={(x1s X, (X, n x,)€d,, 0<x, <a,F,(x,, ... x,)}.
If we can show that a,F, is concave, i.c.,

zanf‘n(x)2 anFn(x_}—hA) + anFn(x_il)’

where x = (x,, .., x,), h=1(A,, ... h,), and each of x, x+ A, and x—/ is in
the interior of d,,, then 4,7, | is convex.
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There are points ¢ and ¢’ between x and x + f, and x and x — h, respec-
tively, such that

a,,F,,(x-f—fl):a,,F,,(x)-{— Z ﬁiDianFn(x)

i=1

+ S R2D,a,F(c)f2

i=1
+ Z fllfsz,-,,-a,,F,,(c)
i< j

and

anFn(x“fl):anFn(x)_ Z fliD'a Fn(x)

+ Z E%Di,ianFn(C/)/z

i=1
+ Z hh;D, a,F, (")
i<j

and thus we have that

a,F(x+h)+a,F(x—h)—2a,F(x)=[V,(h )+ V,(—h )],
where

V"(ﬁ,c):iﬁu +2Zth a,F,(c).

1 i<y

If we can show that 0> V, (A, ¢) when c is in the interior of d,, then we will
have that a,F, is concave on d,,. A
A series of computations and the definition of T, (4, ¢) yields

Valh, ¢)=a,(c) T,(h, )

A, {Fn(c)lii 2D,,L (c)+2 Z hh L,,(c)}

= i<j

R2(D,L,())(D,F,(c))

+
N N
IngE II<M:

fl B [(D;L,(c))(D,F,(c)) + (D,-Ln(C))(D,-Fn(C))]}-

A
-
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In Lemmas E and F it is shown that there is a number B, > 0 such that
if 1 <i, j<n, and c is in the interior of d,, then

'Dl[ n( HSBH

and

IDI'Fn(C)’ S Bn/Fn((',)'

Using the above we have that

Vn(fl7 C) gan(c) Tn(;l’ C) +Aan {Fn(c) [ Z /212 + 2 Z |;lfﬁk/|j|

i=1 i< j

+2B, z h2/F,(c)+ 2B, Z |hh |2/F,,(c)};

i=1 i< g

V’I(//‘i’ C) F)?(C) < all(C) TII(};’ C) FI::(())

+A,B,F(c { (\;‘ Al ) + 2B, <Zl |h‘,.1>z}.

Using our bound for T, (A, ¢) F}(c), we then have that

" 2
V,(h, c) F(c)< —a,lc) [ Y hig,(c)— c,-)}

i=1

(L ,,2> w,(c)/3 " +nd, B,[FXc)+ 28,1},
i=1

There is a number A4,>0 such that if A4,>4,>0, then
n4,B,(F}c)+2B,)—a,(c)37"<37"/2 and hence

5

Vn(l;’ C) Fs(() < - U,,(C) [ i /;i(gn.i(c) - Ci):|

i=1

~tF03 (X hl),

i=1

from which it follows that V,(h, ¢)<0 on the interior of d,, ;. Since
d,.,=d} vd; ,andd}, n dn+1 d,, the projection of d}, , onto d,, is
the projection of d,, , onto d, is d,, it follows that D, , is a bounded,
closed, and convex set.

Substatement # + 1.2 is clearly true.

Substatement n+ 1.3. We shall use Lemma A as found in Section 3.
Let us first show that G, restricted to the boundary of D, | is reversible.
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If {x,..,x,) 18 in d,, h(x)=(xy, .., %x,), X, = —F,(x{, .., x,), and
hn+ 1()’) = (x19 oy Xy Xy l) then Gn+ 1( ) Gn(x) and thus Gn+1 iS inVCf—
tible on that subset of the boundary of D, that is homeomorphic under
h to

n+1
drT+1 - {(xl’ ey xn+l) (xl’ ey X,,)Ed,,, _Fn(xlﬁ vy X,,)< Yn+l\0}

If x and y are such that A,(x)=(x,,.., x,) is in &, and A, ,(y)=
(h,(x), a, F,(h,(x))), then

Gn+ i Z {X + F2 hn( )) Dian(hn(x)) + an(hn(x))[gn,i(hn(x)) - xi] } ¢1’

i=1
+ [an(hn(x)) - 1] Fn(hn(x)) ¢n+ I

For | <i<gnlet

K dho(x)) = Fi(h,(x)) D, L,(h,(x)) + L,(h,(x)[g,h,(x)) = x.],
ln‘i(hn(x)):gn,i(hx( ))+Anknt(hn( ))’

and

H”(X], baad) X,,): Z [gn.i(xl’ Tt )+A kn 1( Bhas) X”)] (pia

i=1

then

Go1(y)=H,(h,(x))+ (a,(h,(x)) = 1) F(h(x)) @, ..

Notice that if (x,, .., x,,) is in the boundary of d,,, then L, (x,, .., x,)=0
and hence F,(x,,.. x,)=0 and thus £, /(x,,..,x,) =0, from which it
follows that H, is reversible on the boundary of d,,.

We shall now show that there is a number A >0 such that if
A > A, >0, then JH,, the Jacobian of H,, is nonzero on the interior of 4, :

JH,=det(D, g, ,+A,Dk,,) 1<i, j<n,

(o) JG, + 2 A,,( >D(n,t)+A’,§JK,,,

t=1

where JK,, is the Jacobian of K, =3""_, k, ;¢,, and D(n, 1) is a determinant
having exactly r rows of the form D;g,;and n—1 rows of the form Dk, .

Recall that
n—1
= ( H L1> Jn’
i=1
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where J, is positive on D and also note that

JK,= > +Dk,, D)k, j, - D,k

nfn,jns
(J1s e Jn)

where the sum is over all permutations (j,, ..., j,) of (1,
that

H Dk, ;= n D(F}[D,L,1+(L,/2)[D,F:])

i=1 i=1

I_[ 3/2 iLn](Di,L'1)+LnC(i>j17

i=1

where m, =2/(a,_,+ 1) and

n), and finally

n)),

C, j n)=[(D;m,)D;L,}+m,D(D,L,)](3/2)

+(D/‘,m )(D L ( n/2) (Dj,mn)

which is bounded on d,,.
From Lemma C, for 1 <i<n,

Ln = L,-7| B(l’ I’Z),

where B(i, n) is bounded on d,. Hence

1 Dik,,=11 132y m,/L; (L, Bii,n) B(j;, n)+ L,CU, j;, n)].

i=1 i=1

In the proof of Lemma E it is shown that for 1<, j,<n

Ln= Li—le,—lD(iaji:n)a

where D(i, j,, n)= A(n, i) A(n, j;) is bounded on d,. For 1<, j,<n let

E(l’ ji7 n)zgmnB(i’ n) B(j[’ n)+ C(la jia n) D(la jia

Then Dk

ifnji =

L,_ L

Ji— 1

1—[ Dikn,j,: I_I \ Lfr—!Lj,—l E(, j,, n)

i=1 i=1

n—1
:< 1—[ L1> E(jl’j?.s (] jn)’
i=0

E(la jia n) and

n).
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where E(J1, jay, s Ju) =117=1 E(i, j;, 1), from which it follows that

01
VK< En) [] L,

i=1

where E(n)=73(; ) [E(1s s Jin)l-
Let us now con51der D(n, 1), 1<t<n—1;
D(n,[)= Z __'—(DIHM,_/'I"'Dan,j,,)’

(s dn)

where H, , =g, ; or k, ;.
From Lemmas E and F, for 1 <, j;<n,

Dign,/,:\/L L/‘l B(i, n, j.),

where B(i, n, J;) is bounded on d,, and thus for 1 <4, j,<n,

DiHn._/}: \Y% L. 1Li’ ~1 H(, ji, n),

where H(i, j;, n) is bounded on d,. Therefore,

D(n, 1)] < (H L,-) Hin, 1),

i=1

where H(n, t) is bounded on d,,.
Combining all of the above we have then that

n—1
JH,=JG,+ 3 A <t)D(n,t)+AZJK,,

i=1

> (nﬂl L,)[J,, _ "il (’:) A |H(n, 1)) — Aj’,E(n)],
i=1 1=1

where J, is positive on d,. Hence there is a number A4, >0 such that if
A;>A,>0, then

n—1

n
J.— Y (t> Al |H(n, t)] — A2E(n)>0
t=1

on d,, and thus JH, > 0 on the interior of d,, since [[7-}! L, is positive on
the interior of d,,. Thus we have that H,, is invertible on the boundary of 4,
and has a local inverse at each interior point of d,. Hence using Lemma A,
H, is a homeomorphism on d, and thus G, , is invertible on the boundary
Of Dn +1-
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We need to show that G, ., has a local inverse at each point of the
interior of D, . ,. To show this we shall show that JG,,, ,, the Jacobian of
G,. 1, 18 not zero on the interior of D, , ;.

For this portion we shall adopt the following notation:

dii, k, j)=D, g, for 1<i, j<k

Thus we have that

JG, =det(d(i,n+1, j))

and, recalling that d(i, n, j)=d(/, n, i), we expand along the main diagonal
to find that

n+1
JGnré 1= ((n+ 1)'/2) H d(lv n+ 17 I)

i=1

n n+l n+ i
—n=1Y Y dPun+1,v) [] dk n+1,k)

c=1 u=0v+1 k=1

k #ur

=dn+,n+1,n+[(n— D [(n(n+l)/2) 1‘[ dii, n+1, i)

i=1

n- | n "
-y Y d*u,n+1,v) ] dlk,n+1 k)
vl u=v+1 k=1
k7 ut

_ Z (d*(n+1,n+1,c)dn+1,n+1,n+1)) l—l d(k,n—l—l,k)}

k=1
k#v

re=1

=dn+1,n+1,n+)[(n— 1) Kn+1)

Notice that

d(n‘}‘ 1, n-+ la n+ 1 ):A”Ln/((l,,+ ])’

which is positive on the interior of ¢, , and that

[(n{n+1)/2)] f[ dk,n+1, k)

k=1

n -1 " "

-3 Y Puntle) [[ dkon+1,k)
vl u=r+1 ko=l
kAur
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a (] dkonsL i+ Y [n dik,n+ 1, k)

k=1 v=1 u=v+1 bk=1

—d*(u,n+1,0) [| dlk,n+ l,k)jl

k=1
k # ur

n ne |l n T oon
—n [[dkn+ b+ Y Ln d(k,n+1,k)J

k=1 r4+ 1l u=v+1 k=1
k# e

x [dlu,n+1,u)dv,n+1,0)—d*(u,n+1,v)].

We now have that

n n-1 I n
Kn+y=n ][] dkn+1Lk)+ > Y [H d(k,n+1,k)]

k=1 r=1 u=0+1 k=1
k#ur

x [du,n+ 1, u)ydv,n+1,v)—d*(u, n+ 1, 0)]

[d*(n+ Ln+ Lo)dn+ Ln+1L,n+1)] [] dik.n+1, k)
1 k=1
k#r

Il M:

YOy [n d(k,n+1,k)]

v=1 u=v+1 k=1
k # uv

x[du,n+ 1, u)do,n+ 1, 0)—d*(u,n+1,v)]

+ Z LH d(k,n+l,k)] [do,n+ 1L, v)dn+1,n+1,n+1)

v=1Lk=1
k#rv

—d*n+1Ln+1,0)Ydn+1,n+1,n+1).

From Lemmas F and G we have that there is a number 4. > 0 such that if
Ay >A4,>0, then D,g,,.D.g,.1.—(D,g,,1.)" >0 on the interior of
dyyJort<u<s<n+l,and Dy g, =L, Blk,n+1,k)>0for 1 <k<n

Hence K(n+1) is positive on the interior of D, ,; and thus JG,, ,
is nonzero on the interior of D, .. Since G,,, has a local inverse at
each interior point of D,,,, Lemma A applies, and thus G,,, is a
homeomorphism.

A few additional remarks at this point will establish »+ 1.10. In
Lemma G it 1s shown that for n=2,3, ., 1 <u, v<n,

d(u, n, w)d(v, n,v)—d*(u, n,vy=L, L, Ku, n v),
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where /(u, n, v) 1s positive on d, and for 1 <k <n, and from Lemma F we
have that
dk,n k)y=1L,

B(k, n, k),
where B(k, n, k) 1s positive on d,,. Hence

JG,, =L, Bn+1,n+1,n+1){n—1)! {

S % | Mt

r=1u=rv+1 k=1

k # ut
x[ [ Bk.n+ 1,k)] (L. L, lun+l, v)]}
k=1

k #ur

F[(dn+1,n+1,n+1)) Z[

|
k=1

k#v
x[ﬂ B(k, n+ l,k)J [L,L,

[,,,/(rl+1,n+l,v)]
k=1

k#rv

=<n Li)']r1+l,
i=1

where J,,,,>0on D,

Substatement #+ 1.4. To show that 7, ,, the region bounded by §,, . |

and D, ., is convex it is sufficient to show that F, | is concave, i.e., that if
X=(Xyy s X, q)s B=(hy, ., h

,h,. ), and each of x, x + A, and x — 4 is in the
interior of d,, |, then

2F"+I(X)ZF,,+,1(X+B)+F,,+l(x-il).

There are points ¢ and ¢’ between x and x + A, and x and x — A, respec-
tively, such that

n+1 n+1
Fn+l(x+h):Fn+l(x)+ Z hiDiFrl+l(x) Z th F+1(C)/2
i= 1 i1
n+1 A
+ Z hih n+](()
i<
and
. n+1 n+ 1
F, ((x—h)=F

Z h, (D Fy o (x)+ Z /:izzDi.iFn+1(C,)/2

i=1 i=1
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Using the above we then have that

F,1+1(X+E)+F”+1(X*h) 2I:n+1( ):(Tn+l(h’ C)+ Tn+l(_f1a C’))/z’

where

n+1

n+1
Tn+l(h’ C): Z hzzD Fn+] Z h i.an+1(C)

i=1
for ¢, ¢+ A, and ¢ — A in the interior of d,,, ,. For 1 <i, j<n+1,

D' Fn+1 (D FZ )/2 n+1 (D F2 )(DJF3+1 /4F

ijtn+1 it 4+ ¥ n+1°

Dan+ l( )/2= En+ 1,1'(x)‘*)€’-,
D Fz )/2=Dign+1.i(x)_1

0 H+l
and if i # J,
n+l/2 Dgn+l/

We now have that

n+ 1 2
n+l(h C)Fn+l( !:Z h gn+11( )“Ci):| +F;+]( ) n+l(h’C)»

i=1

where

n+1 n+1

tyiilh e)= =3 h(1=D,g, . {c))+2 Z hi Y hDig,.lc)

i=1 i=1 Jj=i+1

for each of ¢, ¢ + A, and ¢ — £ in the interior of 4, ,.
By Lemma I we have that 1, ,(h, ¢)< =3 7" 37+ 2 and thus

Tyoilhy ¢) 2 ()< —[F7, (¢)37"] Z ["z /3,-(23,,+1,,-(6)—0,»)}~

i=1

and therefore I, , is convex.

Notice that we have also established n + 1.9.

Substatement n+1.5. If Qisin Y, ,, then there is a unique point X in
D, ., such that G, _(X)= Q. Recall that

n+1

Gn+1(X): z gns l,i(hn+1(X)) @,

i=1



316 GORDON G. JOHNSON

Let
it (X)=x= (x4, s Xt 1),
x'=(x{, .., x,,)beapointind,, , distinct from x,
n+1
P= Z X,'(P,'_F,,+1(X) @yyos
i=1
and
n+1
P'= Z .Yf(Pi~F,,+,(.r')(p,,+2.
i=1
Then
n+1
HP—QHZ: Z (gn+l,i(x) ) +F:+1( )
i=1
and

n+

1P = Q1P = ¥ (guordX) =)+ F2 L (X).

i=1
Note that for | <i<n+1,

(g'1+ l‘i(x) _xi/)2 = (xi— X,-/)2+ z(xi_ xl{)(gn+ l.i(X) —xi)
+(g,s l,i(x) —xi)z,

and thus we have that

4+l

1P =01 =IP-0Ql*= ) [(x, 200 = x ) 8rr 1.4X) — 1) ]

i=1

+F§+l( ) F3+1( )

There is a point ¢ between x and x’ such that

nt 1

F3+l(x) FI3+1 +th: n+1()
i=1
n+1 N
+ Y hIDF? ()2
i=1

n+ 1

+ Z hAith::/Fﬁ ()

i<
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where fl,:x,f—x,. for 1 <ig<n+ 1. Note thatfor 1 <ig<n+1,
gn+l,i(x)'—x::DiFr?le(x)/z,

and hence we have that

|P'=QI*~IP=QI*= ¥ A+ ¥ KDyF} \(c)2

Now by LemmaJ, 1, , (A, ¢)+ X"+ ! h?>0 provided each of ¢, ¢ + 4, and
¢— f are interior to d,, ;. Hence

1P —Q1*>|P- Q]

Since G, . ; 1s a homeomorphism, it follows that there is a 1-1 correspon-
dence between Y,,, and S, , .

Substatement n+1.6. If Wisin £,,, and Wis notin /,,_,, then W
has a unique nearest point in S, ,. If Wisin [, ,, then there is a point Q
in Y,,, and a point P in S, ., such that P is the unique nearest point in
S,.1to Qand Wisin [Q, P]. Let C be the ball centered at W with radius
| W— P|. If C contains a point of S, , , distinct from P, then such a point
would be closer to Q than P is to Q, which is a contradiction; hence P is
the unique nearest point in S, to W.

Substatement #+ 1.7. Clearly S, =S, ,.

Substatement #+4 1.9. This argument is contained in the argument for
substatement n + 1.4.

Substatement n+ 1.10. This argument is contained in the argument for
substatement 1+ 1.3.

3

LEMMA A. Suppose K is a closed, bounded, and convex subset of E,,, that
has an interior point. Let [ be a continuous function from K into E, such that
[restricted to the boundary of K is reversible and each interior point of K is
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contained in an open subset of K such that f restricted to this open subset is a
homeomorphism, Le., [ has a local inverse at each interior point. Then f is a
homeomorphism.

Proof. Since the boundary of K is homeomorphic to $” ' and /, when
restricted to the boundary of K, is a homeomorphism, it follows that the
image of the boundary of K separates F,. Hence the image of the boundary
of K does not intersect the image of the interior of K. Let L be the set to
which x belongs only in case x is in K and there is a point y in K, distinct
from x, such that f(x)= f(y). It is clear that L is closed and hence compact
and also that L contains no point of the boundary of K. There is a point p
in the boundary of K and a point ¢ in L such that || p —g¢| is the distance
from L to the boundary of K. Let ¢’ be a point in L distinct from ¢ such
that f(¢') = f(g). Let R and R’ be two circular regions centered at ¢ and ¢’,
respectively, such that the sum of their radii is less than |lg —¢'|}/3, and f
restricted to each of R and R’ is a homeomorphism. Since f{q) = f(g'), it
follows that f(R) n f(R’) exists and thus each point of R that has an image
in f{R’) is also in L. Thus there is a point x in the open interval (g, p) that
must belong to L, and therefore is closer to p than ¢ is to p, which is a
contradiction. Hence no two points of K have the same image under f and
thus f is a homeomorphism on K.

Lemma B. If xisind,, then

0<Ly(x)<(3/2),
F(x)<(3/2),

and if 0 < A, <(2/3)%, then
1<a,(x)<2
Moreover, if for each positive integer n,
0<A,. <23,
then for m=1,2, .. and x=(x,, .., X, ) is ind,, ,,

0< L,y 1)< (372,
Foo(x)<(3/2) 71,

and 1 <a,, , ((x)<2.

The proof is a straightforward induction argument and omitted here.
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Lemma C. If n is a positive integer and t is a positive integer not
exceeding n, then D,L,= L'? B(n, t), where B(n, t) is bounded on d,,.

Proof. We shall use the following notation:

Ln—ﬁ—l'__anP‘r?—F(an'ﬁI)Fannwhl")C2

nel
Then DL, =(1—-2x,)=L}J*B(1, 1), and
D/ L,=A(D,L)F}+2a(D,F¥2)+ A(D,L,)F,x,
+(a, = 1)(D, F/2)(x,/F))
D, L,=L}"B(1,2),
and finally

DyLy=(a,—1)F, —2x,
=F[(a;— 1) —2(x,/F))]
=Li?[(a;—1)—-2(x,/F|)](2/3)"?
D,L,=LI"?B(2,2).
Suppose now that n is a positive integer such that if 1</<n and

1 <1</ then D,L,=L!? B(l t) where B(/, {) is bounded on 4,.
Consider now

Dn+1Ln+l =Fn[(an_1)_2(xn+l/Fn)]
—L'2B(n+1,n+1)

and B(n+1,n+1)1is bounded on d, ;.
Suppose that 1 <t<n+ 1, then

D,L,. =A4D,L,) F2+2a,D,L,)/a, ,+1)
—2a,L,A, (DL, )a, ,+1)
+A,D,L,)F,x,,,
+(a,— D(x, /F)(D, L) a,_;+1)
~L,A, (DL, )a,_ +1)]
= L2 [B(n, 1)[4a, -2+ 3(a,— 1)(x,, /F.)]/[a, ,+1]
— B(n—1,0[2a,+ (a,— )(x,+ 1/F,) A, L, )[a, ,+1]17]
=L B(n+1,1).

[ETRRLS B
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where it is to be understood that

B(, j)=0 if i<}

LEmMMA D. If n is a positive integer and | <k < n, then

Enk — Xk = [‘/1(/2 1 E(l’l, k)7

where B(n, k) is bounded on d,,.
Proof. 1f nis a positive integer and 1<k <n, then

Enk — Xk = Dka/Z.

If k <n, then
D.F}2=[D,L,—L,A, D.L, /(a, +1)]/(a, +1)
=Ly, B(n, k),
where B(n, k) is bounded on d,. If k=n, then a similar argument applies.
LemMa E. If nis a positive integer and 1 <i<k <n then D, L, is boun-

ded on d, and D;g,,=L!? L> B(i,n k), where B(i,n, k) is bounded
ond,.

Proof.
Dygrs=A(D, L)) F\(1+x,/F,)/(a,+1)

+ A, L(D;F}/2)/F\(a;+1)
— A2L(F,+x))(D,L))/(a, +1)*

=L\?[A(D,L)(1+x5/F)(2/3)"*/(a, + 1)
+A4,(3/2) g1y —x)a, + 1)
— AZLVA(F, + x,)(D,Ly)/(a, + 1)*]

=LY*LI?B(1, 2,2),

where B(1, 2, 2) is bounded on d,. Note that L,=1,
D ,L,=D{D,L,)
=A,(D,L,)[(3/2) F\]

which is bounded on d,.
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Suppose now that z is a positive integer such that if I </<rand 1<i<
k<l then D,g, =L!? LY B(il k), where B(i, [, k) is bounded on d,,
and D,, L, is bounded on d,.

Suppose 1 <i<k<n+1, then if k <n+ 1, we have that

Diguris=AuDisLy) 2L, ((1 +x, . /F,)/(a,+ 1)*)/(a,_, +1)
+ A4, (D L)1+ x,,  /E D F}2)/(a, + 1)
— 245D L N(F, + x,, )a, + D)(D;L,)/(a,+1)
+(D,g,:)2a,+(a,— 1) x,, /F,)/(a,+1)
+(8nsk — X IAD L2+ x, /F ) (a,+ 1)
— A, L (x, /ENDF}/2)/Fia, + 1)
A,2a,+(a,— 1)(x, /E)D,L,)/(a,+1)*].

If ¢ is a positive integer, then

,+1—L2[a+(£l,—l( 1+1/F (’C1+1/F)]/ 1—1'{"I
=L,A%t—1)

and hence if 1 <5<,

Li?=L)"2 [H A(t«r} L2 A(t,t—s+1)

r=1

from which it follows that for 0<i—1<n,

LY*=L1"2 A(n,i).

Therefore,
Dig, x=L1"2 L2 Bli,n+1,k)
where B(i,n+ 1, k) is bounded on 4, , .

A similar argument holds in the case k=n+ L.
Consider now D, L,, |, i€,

DL, y=D;g, vula,+1)+A,D;L(&np—Xi)
+ (F3+ 1/2) An(Di,kLn)+AnDkLr1(gn+14i_'xi)

yvhich is bounded on 4, , ,.
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LEMMA F. There is a positive number sequence A,, A,, ... such that for

every positive integer n,
n

0<1)lgn,l< Z (%)I<§ on n?

=1

there is a number B, >0 such that for 1 <t<n,

\D.,L,| <B,

and
DI 8ne™ Lz IB(17 n, t),

where B(t, n, t) is positive and bounded on d,,.

Proof. First D, g,,=4. D, L, = -2, |D,,L,|<B,=2and D,g,, =

LoB(1,1,1) on d,. Suppose now that A, .., 4, , have been chosen such
1) on d,. Consider now D, g,, .

that for 1</<n, 0<D, g, <>!_ (4
Straightforward calculations yield

DI gn+1‘l :(2/(an+ 1)) Dl gn,l +AHD(13 n+ ]a 1)7

where D(1,n+ 1, 1) is bounded on 4, ,.
Hence there is an 4, > 0 such that

(2/(an+1))Dlgn.l_Zn |D(1,l’l+l, 1)I>Dl gn,l/(an+1)>0

ond,, .
Therefore if 4,> A4, >0, then D, g,,,,>0 on d,, ,; moreover,

Dlgni 1.I<(2/(an+1))Dlgn,l+An1D(1’n+ls 1)|
SDlgn,l+_’4n|l)(l,n—+']a l)'

There is A, >0 such that 4, |D(I,n+1, 1)< (4)"*" and hence

Dig, +A, I D(Ln+ ,1<Y () +(4

=1

)n+l

Thus we have that on d,, , |,
w4+

0<Dig, i< ) (3,

=1

provided 0 < 4, <min{A4,, 4,}.
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Let us now turn to the second part of the lemma. Notice first that

D,g,,=L(4,/(a,+1))=L,B(2,2,2),

where A,/(a, + 1) is positive on d,.

Suppose that A,, A4,, ..., A, have been chosen such that if 2<r</<n
then there is a number B, and a function B(z, /, t) such that {D,,L,| < B, on
dyand D, g,,=L,_,B(t.1, 1), where B(t,/, t) is positive and bounded on d,.

Suppose now that 2<t<n+1 and consider D, g, ,,. There is one
special case, namely when t=n+1, where D, . g, 1,+1=L,A4,/
(a,+1)=L,Bn+1,n+1,n+1) It is clear that B(n+ 1, n+1,n+1) is
positive on d,, ;.

Consider now the remaining cases, ie, 2<t<n Straightforward
calculations yield

Dlgr1+1,l:(2/(ali+ 1)) Dtgn,t+AnLl—71D(ts n+ 1’ [)a

where D(r, n+ 1, 1) is bounded on d,, . Thus we have that
Drgn+l,1: (2/((1,,+ l)) LI—IB(t’ n, t)+AnLl -~ lD(t’ I’l+ 17 t)
=L, [(2Ka,+ 1)) B(t,n, 1)+ 4, D(t, n+ 1, 1}],

where B(1, n, 1) is positive on d,,.
Choose A, >0 such that

B(t,n, 1)+ A, |D(t,n+1,0)]>0 on d

nt 1
Then if 4,> A, >0,
2Na,+ 1)) B{t,n, 1)+ A, D(t,n+1,1)>0 on d,,,
and thus
D,g,v.=L,_ Blt,n+1,1),

where B(z, n+ 1, 1) is bounded and positive on d,,, ;.

Hence select 0 < A, <min{4,, 4,, A,}. A straightforward computation
shows that there is a positive number B, | such that |D, [, , | <B, ., for
I<t<n+1ond,.

Notice that if 1 #n+ 1, then as 4, decreases, B(, n+ 1, t) increases.

Lemma G. If 1<u<v<n, then there is a number A,>0 such that if
‘Zn>An>09 then Dugn.uDvgn,v_(Dugn,v)‘z:Lu—rlLv—l[(u’ n9 U), Where
l(u, n, v) is positive on d,,.
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Proof. For t<u<v<n+l,

Du gn+l,u: (2/(an+ 1)) Du gn,u+AnD(u$ h+ 1’ ll).

and

Dll g?l+ ],l?= (2/(aﬂ+ ])) DM g".(? +AI1D(u’ n + 1’ U)'

Therefore,
(D8 12D 81— (D 8ni 1))
=(2/(a, + DY[D, 8D 8o — (D, g,)° ]
+A,[2Na,+))[D,g,.Dle,n+1,0)+D,. g, . Du,n+1,u)
+ A, Du,n+1,uyDv,n+1, )
— A, D*u,n+1,v)—(4/(a,+ 1)) D, g,.D(u,n+1,v)].

Notice that

Du,n+ 1, uy=L, Blu,n+1,u)

and

D(u,n+1,0)=LY L\ Bu,n+1,v).

Therefore,
Dy gniiuDi8uvio— (Dugui1a)

=2Na,+ 1)L, L, lu,nv)
+A,L, L, \[(2/(a,+1)[Blu,n+1,u)B(o,n+ 1, u)
+ B(v, n,v) Blu,n+ 1, u)]
+ A, [Blu,n+1,u) Blv,n+1,0)
— B¥u,n+1,v)— (4/(a,+ 1)) B(u, n, v) Bu, n+ 1, v)

=L, L, [(2/(a,+ 1)) l(u, n,v)
+A,Clu,n+1,0)],

where C(u, n+ 1, v) is bounded on 4, ,.
Hence choose A, > 0 such that

Ku,n,0)+ A, |Clu,n+1,0)| >0 on d,,,.
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Therefore if 4, > 4,>0, then

Du gn+ 1.uDv gn+ Lo (Du gn+ 1.1*)2 = Lu—lLr—ll(u7 n+ 17 U)
ifA,>A4,>0.

Lemma H. If 1 <s<t<n, then
D.v gn.lz [(an+ 1)/2] Z A[, ID(S9 ls t) I_l [2//(ar+ 1)]
I=1 r=1,
Proof.  Proof follows by simple induction using

D gnl [2/( n l+1)] Dsgnfl,l+Anf—ID(Ssn,t)'

LemMa L. There is a positive number sequence { A}~ | such that if n is
an integer greater than 2 and ¢ is in the interior of d,, then

" no-1 "
c)= Z hi[1—D,g,{c)]—2 Z Z hih;D; g, ()
i i=1 j=i+1

n
>3l—n Z }’l‘lz

i=1
Proof. Suppose that ¢ is in the interior of d,, then

2
_tz(fl’ c)= Z E?/2+Ef[a| +1-2D, gy,

—2A4,(a,+ 1) D(1,2, 1))/[2(a, + 1)]
+ha, +1—-A,L/[2a,+1)]) -2k h[A4,D(1,2,2)]

> (1/3) i 24 AL, —2a, +1)D(1,2, )]/[2(a+1)]

+h§[2~A.LJ/[2<a, +1)]1—-2hh,[4,D(1,2,2)].
Let us require that 4, be chosen such that

(1) 3+ A,[L,—2(a,+1) D(1,2, 1)>4 and
(2) [2—4,L,]>%ond,, then

—t(h, )=0G) h;

"N

+ [A =2k Ay A,[4a, + 1) D(1,2,2)]

1

+h3A

"”" I MN

Ail4(a, + 1) B(1,2,2)1*)/[4(a; + D],
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Let us now, in addition, require that 4, be chosen such that
1 —164%a, +1)> D*(1,2,2)>0 on d,,
from which it follows that

—t,(h, )= h?.

=
Il M [N}

i

Suppose now that 4,, 4,, ..., A, have been chosen such that if 2<m <n
and ¢ is the interior of d,,, then

—talh ey ()Y R

=1
Consider now ¢ in the interior of d,, |, then

N n+1 s 1+ 1 n n+1 o
n+l(h Z h Z D gn+ 1.i 2 Z Z hih[Dlgnﬁ»l,A/
i=1 = =1 j=i+1

= Z /’AZIZ~ [2/((1,,"‘ 1)] i E?Digll,l

fe= ] i=1

RDG, n+ 1, i)+ k2, [1=D

_An
=1

i

I =

n+1 gn+l.n+1:|

—[2/(a,+1)]2 Z ;lifl/Dign,/
i=1 j=i+1
n- 1 n
~24, Y Y hhDii,n+1,))
i=1 j=i+1

2ﬁn+l Z ﬁiDign+l,n+l

i=1

H

=[2/(a,+1)] [Z i~ % hD:g,,

i=1 i=1

2y oy /fth,,,.J

i=1 j=i+1

+[1-2/(a,+1)] Z h+ R, 1= 4,L/(a,+1)]

i=1

n n-—1 n
—A, Y BDG,n+1,i)-24, Y Y hhDGn+1,))

i=1 i=1 j=i+1

—2h,, Y AhDGE R+, n+ 1),

i=1
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Therefore

(R )2 [2Ma+ )13 Y R4 (A, Lof(a, + 1)]

i=1 ]

It M:

+h2, [2/(a,+1)] - 4, Z DG, n+1,1)

i=1

n n+1

—24,Y Y hhD(i,n+1,])

i=1j=i+1
n+1 n

223 ") Y B2+ Y RAJL/(a,+1)=Dli,n+1,0)]]
i=1 i=1
n n+1

=24, Y hhADGn+1,5)

Pi=1 =i+
n+1 n

>(37") Y R+ Y R

i=1 i=1
+A»1[Ln/(an+ 1)#D(lv n+ 1» l)]}

n+1 n n+1

+i) Y h2-24,
i=1

(S

Let us now require that A4, be chosen such that
3G3)"+4,[L/(a,+1)—D(i,n+1,i)]>0

for 1<i<nond,,,, then

n+1 n n+1
=) Y 2+ { Y ¥ Wnk?

i=1 i=1j=i+1

—2hhA[2( ') (zn+1,j)]]}

n+1

H L G- 1 A
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n+ 1

> (Y R+ L))
i=1
” n+ 1 . .
X Z Z (l/n)[hi_znAn3”D(ian+lﬂj)h/JZ
i=tj=i+1
n+1 i-1
+ 3" Y RLG—D/n—A4) ¥ 4n3¥D(jn+ 1, 0)].
(=72 j=1

Let us now require that for 2<i<n+ 1,

i—1
(i—1)n—A2Y 4m3¥'D*(j,n+1,i)20  on d,,,.

j=1

from which it follows that

n+1
7171&](/:1"(»)23 " Z E?

i=1

LEMMA J.  There is a positive number sequence | A} | such that if n is
an integer greater than 2 and ¢ is in the interior of d,,, then

Proof. For each integer n> 2, let

&,I(h ()—I,, i

_ZhDg”,+ZZ Z h Dgn/

i=1 j=i+1

Suppose ¢ 1s in the interior of 4,, then

2y e)=hD, g, +hiD, g, +2h hyD g5,
=[2/(a,+ DDy g, + LA Ly/(a+1)]
+RA, DA, 2, 1)]+2h h,[4,D(1,2,2)]
and hence
(@, +1)zy(h, ey =202+ A L i3+ 4,[(a, + 1) D(1,2, 1) k2
+ 2k, hya, + 1) D(1, 2, 2)]
=[R2+ A, L B2+ S3[1/24+ 64 (a, + 1) D(1, 2, 1)]
+ L[R2+ 64, L A2+ 24,k hy12(a, + 1) D(1, 2, 2)].
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Let us require that 4, be chosen such that
146A4,(a; +1)D(1,2,1)>0  on d,;
then
(a,+ 1) z5(h, ¢) 2 4[R2 + A, L, h3)
+5TA, + 124 (a, + 1) D(1,2,2) h,]?
+ 5[6L, — A4, [12(a, + 1) D(1,2,2)1?] A, h2.
Recall that D(1,2,2)= L12B(1, 2, 2), and hence
6L, — A, [12(a, +1)B(1,2,2)1*=L,[6—A4,[12(a, + 1) B(1,2,2)]*],
from which it follows that if 4, is chosen such that
6—A4,[12(a; +1) B(1,2,2)]*>0
then
(a,+ 1) zy(h, )2 5[} + A4, L, h3]
and thus
(h, )= YO)[A2+ 4,L, 73] on the interior of d,.

Suppose now that A4, .., 4, have been chosen such that if 2<m<n,
then

for ¢ in the interior of d,,.
Consider now ¢ in the interior of d,, ; then

:n+1(ﬁ’ C):hr21+1Dn+1gn+l.n+l+2hn+1 Z hiDign+l,n+1

+ [2/(an+1)] Z E?Dign,i+An Z flIZD(l,n+1, l)
i=1 i=1

n—1

+2[2/(a, + 1)1 X Z hih,D; ..,

i=1 j=i+1

n--1 n
+24, Y Y hhDin+1,))

i=1 =i+l
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=[A4,L/(a,+ D1k +24,h,. Z h.D(i,n+1,n+1)

i=1
n n o n )
+[2/(an+1)]l:z hlzDign.l+2 Z Z hiﬁ/Da'g/r./J
i=1 im1 =i
t
+A,,Zthn+1z+2A,,Z Z D(i,n+1, )
i=1 i=1 j=i+1
= [2/(a, + D] z,(h ¢
+[1/a,+ 1)] { §H+A,,Zh (a,+1)D(i,n+1,1)
i=1
n+
+24, 3 P an+1)D(i,n+1,_/)}
i=1 j=i+ /
and hence
(an+l) n+l(h ¢ 2 ;nﬁ] Z A lLi~1hA? n nh/_ul

i=1

Z ha,+1)D(i,n+1,i)

+2A,,Z Z ﬁﬁ (a,+ 1) D(i,n+1, )

+ A4, Y hXa,+1)Dli,n+1,1)

i=1

n n+ 1
+24, Y Y h a+l)D(z n+1,J)
i=1j=i+!

+ Aa,+ 1) D, n+1,0)]
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n+1
:%(%)VHI Z Ai—lLi 1”72
i=1

i

n n+1
+24, Y Y hhfa,+ 1) D(i,n+1, ).
i=1j=i+1

Let us require that 4, be chosen such that for 1 <i<n,
%(,ll)”ilA1'7—1+An(an+1)B(ivn+]?i)>0 on d11+1’

where D(i,n+1,iy=L,B(i, n+ 1, i), then

(a,+ 1)z, ()23 Y 4, (L, R

+24, Y R (04" Ya,+ 1) D, n+ 1,])}

Following in a manner very similar to that of the proof of Lemma I, 4,
can be chosen such that

n+1
0< Y A, L, i

i=1

n n+
+2An z Z hlh/(%)(%)” l(an + I)D(17 n+ 11 J)
i=1j=i+1
ond,,,, and hence

n+1
Zoo(h )2 @, + DIGG) ™ Y A4, L, f;
i=1
n+1 .
233" Y A4, Lok

i=1
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